In terms of the characteristic functions of the quantum states, we present a complete operator description of a lossy photon-subtraction scheme. Feeding a single-mode squeezed vacuum into a variable beam splitter and counting the photons in one of the output channels, a broad class of multiphotonsubtracted squeezed vacuum states (MSSVSs) can be generated in other channel. Here the losses are considered in the beginning and the end channels in the circuit. Indeed, this scheme has been discussed in Ref. [Phys. Rev. A 100, 022341 (2019)]. However, different from the above work, we give all the details of the optical fields in all stages. In addition, we present the analytical expressions and numerical simulations for the success probability, the quadrature squeezing effect, photon-number distribution and Wigner function of the MSSVSs. Some interesting results effected by the losses are obtained.
I. INTRODUCTION
A key requirement for many quantum protocols is to use specific quantum states of light as a resource for information processing [1] . These quantum states can be divided into Gaussian and non-Gaussian cases [2] . For example, the coherent state and the single-mode squeezed vacuum state are the typical Gaussian state, which are applied in many tasks [3] . However, various important protocols for quantum enhanced information processing cannot be performed when restricted to Gaussian states [4] . Thus, it is necessary to introducing non-Gaussianity into an optical system. In recent years, many non-Gaussian quantum states have been used as resources for useful quantum information processing tasks [5, 6] . Therefore, a crucial goal for experimental quantum optics is to prepare high-quality nonGaussian quantum states.
Photon-subtraction operation is just a useful way to conditionally manipulate a non-Gaussian state of the optical field, which has been shown to enhance entanglement [7, 8] and teleportation fidelity [9] . Theoretically, subtraction of m photons from a single-mode quantum state |ψ can be expressed as a m |ψ , where a is the photon annihilation operator [10] . Experimentally, such photon-subtracted state can be implemented by transmitting |ψ through a beam splitter and detecting the output of the beam splitter with photon number resolving detector [11] . Studies have shown that photon subtraction on a single-mode squeezed vacuum state yields optical coherent-state superposition [12] or Schrodinger-cat-like states [13] .
As a matter of fact, the loss is unavoidable in the propagating channel of light beams. It is necessary to analyze and control the effect of loss in the quantum protocols [14, 15] . Very recently, Quesada et al. considered some schemes of preparing conditional nonGaussian states in the presence of photon loss. Among them, the photon-subtraction scheme is more attracted our attention [16] . In the present paper, we shall give a description for the same scheme in terms of the characteristic function (CF) of the quantum states involved. The CF of density operator ρ can be defined as χ ρ (α) = Tr[ρD (α)], i.e. the expectation value of the Weyl displacement operator D (α) = exp αa † − α * a [17] . One main tool in dealing with optical field is the Weyl expansion of the density operator, that is,
which means that the function χ ρ (α) uniquely determines the density operator ρ [18, 19] . Another tool in deriving input-output relation of loss channel L (η) (with loss factor η ∈ [0, 1]) is that the output density operator ρ out can be expressed as the integration form of the input CF χ ρin (α), i.e.
which describes that ρ in evolutes into ρ out through loss channel. This equation has been derived in our previous work [20] . The paper is organized as follows. In Sec.2, we introduce the density operator description of generating such state. Here we shall give the conceptual scheme and decompose the whole circuit into five stages, whose density operators are derived. Then in Sec. 3-5, we study the analytical and numerical results of the properties related with our generated states, including quadrature squeezing effect, photon number distribution and Wigner function, and explore how the photon subtraction and loss factors affect these nonclassicalities. Finally, a summary is given in Sec.6.
II. DENSITY OPERATOR DESCRIPTION OF THEORETICAL SCHEME
Fig .1 shows the conceptual scheme of generating multiphoton-subtracted squeezed vacuum states (MSSVSs). The whole circuit can be decomposed into five stages, that is
In this scheme, red line and blue line are corresponding to mode a and mode b, respectively. ρ (1) ab is the direct product of the single-mode squeezed vacuum state (SVS) S (r) |0 and the vacuum |0 . Here S (r) = exp[
2 )] is the single-mode squeezed operator with the real squeezing parameter r [21] . After ρ
ab passing through channel L (η 1 ) with loss factor η 1 , ρ (2) ab is obtained. Injecting ρ (2) ab into a variable beam-splitter B (θ), ρ (3) ab is obtained. Then after ρ (3) ab passing through channel L (η 2 ) with loss factor η 2 , ρ (4) ab is obtained. In the last stage, the MSSVS ρ is generated heraldedly by performing a mphoton detection.
State in stage 1: The total density operator in this stage can be written as
, where the SVS can be fur-
ab can be given by
and both D a (α 1 ) and D b (β 1 ) are the displacement operators in mode a and mode b, respectively. State in stage 2: After ρ
where we have considered the input-output formula in Eq. (2) . It is noted that we can still use the CF in stage 1 and it is not necessary to calculate the CF in stage 2. State in stage 3: Injecting ρ
ab into a variable beamsplitter, we have
where the BS is described by
. After making the detailed derivation, ρ (3) ab can be expressed as
Since the CF of ρ
ab is useful to calculate ρ
ab , we must obtain its analytic expression as follows
where
State in stage 4: After ρ
ab passing through L (η 2 ), similarly using Eq.(2) we also may obtain ρ
State in stage 5: At the last stage, making a m-photon detection, the MPSSV can be obtained
where p d is the success probability of producing such state.
νb † |0 | ν=0 , as well as Eq. (12) into Eq. (13), we obtain the density operator
and its corresponding success probability
Success probability is an important character in the conditional quantum state engineering. In Fig,2 , according to Eq. (15) we plot several distributions of success probability in different parameter spaces. We note that the probability is limited to zero if the loss factors η 1 , η 2 equal to 1. Next, we shall discuss the nonclassical properties of the MSSVSs in terms of quadrature squeezing effect, photon number distribution, Wigner function, and explore how the photon subtraction and loss factors affect these nonclassicalities.
III. QUADRATURE SQUEEZING EFFECT
No doubt, the prominent character of the SVS is the quadrature squeezing effect. But compared with the original SVS, how the squeezing effect for the MSSVSs change? Now we explore the quadrature squeezing effect of the MSSVSs.
The coordinate operator is defined as X = a + a † / √ 2 and the momentum operator is defined as
. Their respective variances can expressed as follows [23, 24] 
Their uncertainty relation obeys ∆ 2 X∆ 2 P ≥ 1/4. In particular, a coherent (or vacuum) state holds ∆ 2 X = ∆ 2 P = 1/2. Generally, a quantum state is called squeezing if ∆ 2 X < 1/2 or ∆ 2 P < 1/2. In order to study the squeezing effect, one can firstly calculate the general expected value a Tr a †k a l ρ with different integers k, l for quantum state ρ. By choosing proper integers k, l, one can obtain any expected values one needed. In the process of calculation, one can resort to the techniques
For example, the SVS has have
, ǫ 7 = λǫ 1 − 2ǫ 2 , and ǫ 8 = ǫ 1 − 2λǫ 2 . In Fig.3 , we plot the variation of ∆ 2 P and ∆ 2 X versus r for several different cases at fixed T = 0.9. It is clearly seen that the variance of ∆ 2 P monotonously decreases as r increases for a given m and there exists squeezing in P quadrature component within a certain range of parameter r. For the case of m = 1, only when the squeezing parameter r is bigger than a threshold value r c , depending on the loss factor, the MSSVS may have the possibility of the squeezing effect (Noticing r c = 0.626381 for η 1 = η 2 = 0 and r c = 0.609918 for η 1 = η 2 = 0.1). For the case of m = 2, the MSSVS always presents the squeezing effect for any nonzero r. For the case of m = 3, only when the squeezing parameter r is bigger than a threshold value r c , the MSSVS may have the possibility of the squeezing effect, where r c = 0.396049 for η 1 = η 2 = 0 and r c = 0.387008 for η 1 = η 2 = 0.1, respectively.
IV. PHOTON NUMBER DISTRIBUTION
Photon number distribution (PND) is defined by P (n) = n| ρ |n , which means the probability of detecting n photons in the field ρ. Using the technique n| =
one can easily obtain the PNDs for the given optical field ρ.
For the SVS ρ SV , we have
which implies that the SVS contains only even-photon components, as seen from Fig.4 . This is one of the key characteristics of the SVS. But what will happen to the PNDs for the MSSVSs? Noticing Eq. (14), we obtain the PND of the MSSVSs expressed as
In order to analyze the effect of loss on the PNDs of the MPSSVs, we depict the PNDs in Fig.5 and Fig.6 . From  Fig.5 without loss (η 1 = 0, η 2 = 0), we see that the MPSSVs contain only even-photon (odd-photon) components if m is even (odd), which agrees with the results of Ref. [10] . However, we observe that, surprisingly, if there is the loss, the MPSSVs contain all-photon components (see Fig.6 ). Moreover, the ratio between evencomponent and odd-component can be adjusted by the value of m and the loss factors η 1 , η 2 .
V. WIGNER FUNCTION
Wigner function W (β) for quantum state ρ can be defined by [25] where D (β) = exp βa † − β * a is the usual displacement operator with β = (x + iy) / √ 2. For the SVS, we know
which is Gaussian and implies that the SVS are Gaussian states (see Fig.7 ). While for the MSSVSs , we have
where As an evidence of the nonclassicality of the state [26] , there are some negative regions of the Wigner function in phase space (see Figs. 8 and 9) . Moreover, the distribution of Wigner function can reflect the non-Gaussianity of quantum states [27, 28] .
VI. CONCLUSION
To summarize, we present a conditional scheme of generating the MSSVSs in the presence of pure-loss channels. By adjusting the relative interaction parameters (including r, η 1 , η 2 , T and m), a broad class of MSSVSs with figure of merit can be obtained. For the theoretical model, we have given the complete description of density operator of the optical fields in terms of CF. Analytical derivation and numerical simulation for the properties of the MSSVSs are explored in detail. Compared with the original SVS and the MSSVSs without loss, some interesting results effected by the loss are summarized as follows: (1) The losses change a threshold value of original squeezing parameter, which may present the appearance of squeezing effect; (2) The losses will let the MSSVSs contain all-photon components (including oddphoton and even-photon); (3) The losses make the distribution of the Wigner function more complex.
